This paper investigates the effect of unintended high frequency excitations generated by the semi-active sky-hook control algorithm on the isolation properties of a car suspension. Using a quarter car model, an energy transfer from low to high frequency is established. An alternative algorithm is presented in this paper, in order to achieve smooth variations of the control force. Compared with the continuous semi-active sky-hook, the algorithm has been found to provide a similar damping of the body resonance, but also a better isolation at high frequency and global comfort.
details: filter the control input, and use a rubber bushing at both ends of the semi-active device to create a mechanical filter.
The paper is organized as follows. Section two compares the performances of a passive, active and semi-active suspension using a two dof model, which takes into account the mass of the wheel and the stiffness of the tyre. The effect of the unintended high frequency force excitations generated by the control algorithm on the suspension properties is pointed out. Section three reviews existing solutions to decrease the effect of these excitations.
In section four, an alternative algorithm is presented. The idea developed is to take advantage of dynamic properties of the car suspension to create a smooth command of the suspension. It will be shown that, while not optimal, this algorithm significantly improves the suspension performances at high frequency.
2 dof suspension
2.1. Passive Fig. 1(a) shows the two dof quarter-car model with a passive suspension. The variables are: the vertical displacement of the sprung mass m s (representing one quarter of the car body mass), and the vertical displacement of the unsprung mass m us (representing the wheel); k t is the stiffness of the tyre, k and c are the stiffness and damping coefficient of the suspension.
Using the set of state variables described in Fig. 1 , the dynamics of the system read
where _ x 2 represents the ride comfort, x 3 the road holding, x 1 the rattle space and v the input ground velocity, approximated by a white noise. The following numerical values have been used in this study: m s = 240 Kg; m us = 36 Kg; k t = 160 000 N/m; k= 16 000 N/m; c= 1000 Ns/m. A convenient quantity to compare the different designs is the RMS value of the relevant quantities; the RMS value of a variable q is defined as
where o is the frequency and F q ðoÞ the power spectral density of q. Low values of s x 3 and s x 1 are obtained by increasing the damping coefficient, at the cost of an increase of s € xs . In other words, there exist a trade-off between the comfort and the road holding, and between the comfort and the suspension deflection. A remedy to relax the trade-offs is the use of active suspension [1, 3] discussed in the next section. 
Active
The active suspension can be either fully active, i.e. constituted of a wide band actuator capable of controlling the system in the full bandwidth, or a passive suspension supplemented with an ideal force actuator and controlled with a partial state feedback (e.g. sky-hook damper), as depicted in the Fig. 2(b) . The dynamics of the system read
where g is the gain. This law is called the sky-hook because it is identical to a viscous damper of constant g, connecting the sprung mass and a fixed point in space (the sky). Using this model, Fig. 2(a) shows, for each value of the damping coefficient considered, the evolution s € xs as a function of s x 3 when the gain of the actuator increases from g= 0 Ns/m to 2000 Ns/ m. Similarly, Fig. 2(b) shows the evolution of s€ xs as a function of s x 1 when the gain of the actuator increases from g = 0 to 2000 Ns/m. One sees that, whatever the value of the damping coefficient, an increase of the gain always increases the comfort. However, very high values of the gain sometimes slightly degrade the suspension deflection or the road holding (Figs. 2(a) and (b)).
Semi-active
The semi-active suspension ( Fig. 1(c) ) is made of a spring, in parallel with a damper whose coefficient can vary in a fixed range. Sensors measure the state of the system in real time, and the control unit can change the value of the damping coefficient in a range between two extremal values C min and C max , according to a defined strategy. As a nonlinear device, the response of such a shock absorber depends on the excitation amplitude and on its frequency content, and it has the capability to transfer energy from one frequency to another. Various classes of semi-active strategies are available in the literature [15] [16] [17] [18] . The most often used is the semi-active sky-hook damper that tries to emulate the active sky-hook damper described in the previous section. Actually, the force in the damper is the product of its damping coefficient and the relative velocity of both ends:
where c(u) is the damping coefficient, _ x s the velocity of the sprung mass and _ x us the velocity of the wheel. Comparing Eqs. (3) and (2), the command that emulates the sky-hook damper is When _ x s and _ x s À _ x us have opposite sign, Eq. (4) leads to a negative value of c(u). In this case, the damper force is fixed at its minimum value C min . Accounting that the maximum achievable coefficient is C max , the final control algorithm, often called SA1 in the literature, is
Time domain simulations have been conducted with the same numerical data as the passive suspension. The shock absorber constant is supposed to vary between C min = 100 Ns/m and C max = 2000 Ns/m. The road velocity v is assumed to be a white noise. Fig. 3 shows various time histories of the quarter-car response, respectively, the tyre force k t x 3 , the body velocity _ x s ¼ x 2 , the relative velocity between the body and the wheel _ x 1 ¼ _ x s À _ x us , the required control force f ¼ Àg _ x s and the actual control force f c ¼ ÀcðuÞð _ x s À _ x us Þ, and the damper constant c(u). Fig. 3 shows that each switch of the command creates a sudden change in force and acceleration of the suspended mass. Any sudden change of the seat acceleration is perceived by the passenger as a jerk. Fig. 4(a) compares the transmissibility between the road velocity and the body acceleration, T € xsv of, respectively, the passive suspension (c= 200 Ns/m), the sky-hook control (g = 2000 Ns/m) and the semi-active SA1 with C min =100 Ns/m and C max =2000 Ns/m. The transmissibility has been obtained from a time simulation of 200 s, with a time step of 0.0005 s and a white noise road velocity.
The figure shows two resonances. The first one, at o 1 ¼ 7:78 rad=s, corresponds to a motion in phase of the two masses. As it is very close to the resonance of the body mass on the stiffness of the suspension (at o n ¼ ffiffiffiffiffiffiffiffiffiffiffi k=m s p ¼ 8:16 rad=s), it is commonly referred as the body resonance, or the sprung resonance. The second one, at o 2 ¼ 69:96 rad=s, corresponds to a motion out of phase of the two masses. As it is very close to the resonance of the wheel on the stiffness of the tyre
, it is commonly referred as the wheel resonance, or the unsprung resonance. One sees that the semi-active control reduces the body resonance, and the transmissibility of the body acceleration is comparable to that of the active control up to just before the wheel resonance. The wheel resonance is less damped than for the active and passive cases. Beyond that, the transmissibility rolls off much slower than in the active case, and one observes peaks at various harmonics of the wheel resonance, which are likely to excite flexible modes of the vehicle if nothing is done to attenuate them. Fig. 4 (b) shows the transmissibility between the road velocity and the tyre deflection T x 3 v . No spurious high frequency components are observed and the road holding properties of the semi-active suspension seem to match closely to the active suspension, except the wheel resonance which is also more excited. Due to the abrupt changes of the damping coefficient of the suspension when the sign of the relative velocity of the sprung and unsprung mass changes imposed by the SA1, harmonics of the second resonance of the suspension are visible on the sprung mass acceleration spectrum ( Fig. 4(a) ). The frequency of various peaks appearing in the transmissibility T € xsv is indicated. All components are at harmonics of the unsprung mode except for the second harmonic. The two peaks at 132.14 and 147.7 rad/s seem to result from the beat of the second harmonic of the wheel mode at 2o 2 ¼ 139:92 rad=s with the body mode at o 1 ¼ 7:78 rad=s. The other peaks are odd harmonics of the second resonance, and the Fourier coefficients come directly from the decomposition of a square function f(t) with a period T into a sum of sine functions
where C n are constant coefficients. A first insight of the energy transfer from low to high frequencies is provided with the response of the semi-active suspension to a band-limited road velocity. Let us consider the road velocity shown in Fig. 5(a) . It is a random noise, on which a low pass filter at 300 rad/s is applied.
Figs. 5(b) and (c) show respectively, the power spectral density of the sprung mass acceleration F € xs € xs ðoÞ and the power spectral density of the damper force F fc fc ðoÞ. Above 300 rad/s, no significant fall is visible on these curves. This means that the high frequency part of the spectrum does not result from a road excitation, but rather from the semi-active device itself.
Further evidence of the nonlinear energy transfer between low and high frequency can be obtained from the coherence
xs ðoÞ between the road velocity v(t) and the sprung mass acceleration € x s ðtÞ. It is defined by
where F € xsv ðoÞ is the cross power spectral density, and shown in Fig. 6 . g 2 € xsv is equal to 1 for a perfect linear system without noise; it measures the causality of the two signals at every frequency. According to Fig. 6 , the coherence is very good up to the tyre mode, and falls rapidly to zero above 100 rad/s, which indicates that at those frequencies, the energy content of the body acceleration is not due to the road profile. The existing solutions to mitigate the jerk inherent to the algorithm SA1 are explained in the next section.
Anti-jerk solutions

Modification of the SA1 algorithm
Using the algorithm SA1, it has been pointed out in the previous section that the damping force is a discontinuous function of _ x s and _ x s À _ x us [5] . All of the discontinuities cause sudden variations that may lead to jerk. In order to reduce them, the control surface f c ð _ x s , _ x s À _ x us Þ can be replaced by a continuous one, using a shaping function [19, 7] . Another possible modification of the algorithm is to switch the valves only in those cases where the relative velocity between sprung and unsprung mass is zero [20] . In these instances, the suspension (spring + damper) force remains unchanged independent of the damper settings because no damper force can be generated [8] .
Change the damper parameters
The range of variation of the damper constant has also an impact on the isolation properties of the suspension. High differences between C min and C max generate steps in the command and, as a consequence, high frequency components in the damper force. As the value of C max increases, the saturation decreases. As a consequence, it increases slightly the damping of the first resonance, and increases the excitations at high frequencies. If the value of C min increases, the curvature of the damping force during the off period also increases. As a consequence, the switches between on and off show less sharp angles in the time history of the damper force. It decreases also the excitation of high frequencies and the semi-active damper becomes more and more passive. 
Filter the control input
The introduction of a filter has an effect of smoothing the control force [4] . Fig. 7 shows the effect of a first-order filter 1=ð1 þ tsÞ for t ¼ 0:01 and 0.001 s. As long as the bandwidth of the filter ð1=tÞ is greater than the frequency of the second resonance ðo 2 Þ, the higher the value of t, the smoother the command, and the better the isolation of the sprung mass. The transmissibilities ( Fig. 7(b) ) are compared with the case of the passive suspension (c =100 Ns/m) and the active suspension (c =100 Ns/m and g= 1000 Ns/m). Whatever the constant of the filter is, the level of the transmissibility at high frequency remains higher for the semi-active suspension than for the active (and passive for c =100 Ns/m) suspension. In practice, the time response of hydraulically powered digital servo valves lies in the range of 10 ms [8] and sometimes a little more [21] . As an alternative to an analog filter, the next section investigates if an elastic mount of the damper, using rubber bushing at both ends, could play a role of mechanical filter to smooth the control force.
Effect of the rubber bushing compliance
The bushing is modelled as a spring (Fig. 8, [10] ). In this case, the dynamics of the system reads and
The control algorithm is still defined by Eq. (5). Figs. 9(a) and (b) shows the effect k 1 on the suspension transmissibility T_ xs _ xus and the sprung mass acceleration transmissibility T € xsv for respectively, C min = 100 and 500 Ns/m. Whatever the value of C max is, a decrease of the bushing stiffness improves the isolation at high frequency. A low value of C min generates high damper force variations each time the command switches and the peaks corresponding to harmonics of the second resonance are more sharp (Fig. 9, also section 3.2) . In this case, the system is highly nonlinear and the effect of the bushing on the isolation is low. When the value of C min is high (Fig. 9(b) ), the suspension is more passive and the rubber bushing improves significantly the isolation, acting as a low-pass filter at high frequency. Thus, for a given value of k 1 , the bushing provides a better isolation for high values of C min . This tends to say that the value of k 1 should be as low as possible. However, when the value k 1 becomes too low, the relaxation spring has an effect of increasing the level of the transmissibility T€ xsv for frequencies below the second resonance. In order to choose the most suited value of k 1 , Fig. 10 compares the effect of the filter and the bushing on the mean square value of the sprung mass acceleration s 2 ð € x s Þ. Fig. 10(a) shows the mean square value of the sprung mass acceleration s 2 ð € x s Þ when the command passes through a first-order low pass filter as a function of the delay t. As the value of t increases, the mean square value of the sprung mass acceleration decreases. For large values of t, it increases again. In this case, the optimal delay giving the lowest mean square of the sprung mass acceleration is t ¼ 0:005 s. Actually, such a criterion for the design of the filter is unrealistic because the optimal value is lower than the time response of the system (Section 3.3). In the case of a damper with elastic mounts, Fig. 10(b) shows that an increase of the bushing compliance ( = 1/k 1 ) increases the mean square of the sprung mass acceleration, for all value of the bush compliance. In summary, both the filter and the bushing improve the quality of the high frequency isolation without deteriorating the behavior below the unsprung mass resonance, as long as the corner frequency of the filter is higher than the frequency of the second resonance of the suspension. However, none of these approaches seems to reduce the RMS sprung mass acceleration [22] .
Construction of the damper constant
An example of time histories obtained using the semi-active sky-hook strategy is shown in Fig. 11 . Each switch of the sign of the command (Fig. 11(d) ) creates a sudden change in the damper force (solid line in Fig. 11(e) ), perceived by the driver as jerk or rattling noise. In order to avoid these abrupt changes in the damper force between on and off states, an alternative approach would be to reinforce the value of the damper constant when the passivity condition is fulfilled (Eq. (4), dashed line in Fig. 11(d) ), and reduce it when it is not. The resulting damper force would show the same variations as those obtained with the semi-active sky-hook, but smooth transitions (dashed line in Fig. 11(e) ). The algorithm to construct such a signal is explained hereafter.
The sudden changes in the damper constant occur at each switch of the sign of Thus, the logical way to vary the value of the damper constant as mentioned above would be to impose to c(t) the same variations around a constant value, i.e. cðtÞ ¼ C 0 þ DCyðtÞ, C min o cðtÞ oC max (10) where C 0 and DC are constant quantities. The amplitudes of the variations are chosen by the gain DC: the higher the value of the gain, the more the sprung mass resonance is damped. As the value of c(t) is bonded between C min and C max , and as y(t) is a zero mean process, the best performances of this algorithm are obtained for C 0 =(C min +C max )/2 and a high value of DC. However, if the value of DC is too high, saturations will appear for high and low values of c(t), because its variations are limited between C min and C max . As a consequence, the strategy will look like the on-off semi-active sky-hook. On the other hand, if the value of DC is not high enough, this algorithm does not take fully advantage of the variability of the damper constant, because c(t) does not systematically oscillate between the maximum and the minimum values when the passivity condition is fulfilled or not.
From these last considerations, we see that better performances will be achieved when c(t) oscillates smoothly between C min and C max , as depicted in Fig. 11(d) . The strategy to construct such a signal is detailed hereafter.
Actually, y(t) has a high frequency component _ x s À _ x us , varying around o 2 , modulated by a low frequency signal _ x s , varying around o 1 . As long as the carrier frequency o 2 is much higher than o 1 , y(t) is assumed to be a narrow band process. In this case, Eq. (9) can be rewritten in the form yðtÞ ¼ AðtÞcos½o 2 t þ yðtÞ (11) where A(t) and yðtÞ are the amplitude and phase of the process. As we would like that c(t) varies between C min and C max with a constant amplitude (i.e. A(t) =1), the expression of c(t) becomes cðtÞ ¼ C 0 þDCcos½o 2 t þyðtÞ (12) where C 0 =(C min + C max )/2 and DC ¼ ðC max ÀC min Þ=2. Assuming that o 2 has been determined beforehand (e.g. by modal testing), the only unknown quantity in Eq. (12) is the phase yðtÞ. It is extracted from y(t) according to the following procedure (see Fig. 12 ).
Expanding Eq. (11), it can be written alternatively
where CðtÞ ¼ AðtÞcosyðtÞ and SðtÞ ¼ AðtÞsinyðtÞ are called respectively, the cosine component and sine component of y(t). Multiplying y(t) by 2coso 2 t, one gets
and similarly, multiplying y(t) by 2sino 2 t gives W s ðtÞ ¼ ÀSðtÞþ½CðtÞsinð2o 2 tÞþSðtÞcosð2o 2 tÞ
Since CðtÞ and SðtÞ are slowly varying functions, the term inside the brackets of Eqs. (14) and (15) can be eliminated by low pass filtering to isolate respectively, the cosine CðtÞ and sine SðtÞ components. After filtering, these two components, varying at a frequency of o 1 , are possibly affected by a constant phase lag fðo 1 Þ arising from the filter transmissibility.
Finally, the phase is constructed from the ratio between SðtÞ and CðtÞ by yðtÞ ¼ arctan Fig. 12 . Scheme of a controller imposing to the damper constant smooth transitions between C min and C max [23, 24] . 13 shows two time histories of the quarter car response, respectively, the product _ x s ð _ x s À _ x us Þ and the damper constant, constructed using the algorithm described above (C min = 100 Ns/m, C max =1100 Ns/m, Butterworth low pass filters of order 5).
For comparison, the history of the damper constant obtained using the on-off semi-active sky-hook is also shown in Fig. 13(b) . When _ x s ð _ x s À _ x us Þ shows harmonic variations around o 2 , the constructed damper constant varies smoothly from C min to C max (e.g. Fig. 13 (b) between t =9.5 and 10.5 s). However, because of the filtering, the algorithm is incapable of accommodating small variations at frequencies higher than o 2 (e.g. Fig. 13(b) between t =7.8 and 8.3 s). Fig. 14(a) compares the transmissibility between the road velocity and the body acceleration T € xsv of, respectively, the passive suspension ðC ¼ C min þDC=2 ¼ 600 Ns=mÞ, the continuous semi-active sky-hook (C min =100 Ns/m and C max =1100 Ns/m) and the constructed dashpot constant (C min =100 Ns/m and C max =1100 Ns/m). The transmissibility has been obtained with a simulation of 200 s, a time step of 0.0005 s and a white noise road velocity. Both semi-active strategies are able to reduce the body resonance at o 1 , but the new strategy is additionally able to decrease the wheel resonance (like the passive suspension). On the other hand, the new algorithm degrades the ride comfort in the sensitive frequency range between 10 and 70 rad/s. At high frequency, none of them is able to provide the same isolation as the passive suspension. As shown in Fig. 14(b) , they are also not able to decrease the mean square value of the sprung mass acceleration s 2 € xs . Fig. 14(c) shows the transmissibility between road velocity and the tyre deflection T x 3 v . Regarding the damping of the two resonances, results are similar to Fig. 12(a) ; none of the semi-active strategies show spurious peaks at high frequency.
Future work
The results obtained from these numerical simulations are promising. However, the proposed algorithm obviously needs to be further improved and optimized. The main directions for future investigations are:
Optimization of the algorithm and the parameters to improve the performances (e.g. add a band-stop filter to the command in the frequency range between 10 and 70 rad/s). Sensitivity analysis around the optimum parameters (e.g. impact of an error on o 2 Þ. Numerical validation under various operating conditions (e.g. shock or narrow band excitation). Experimental validation.
Conclusion
Through a simple model of a quarter-car, the isolation properties of a semi-active suspension has been studied using the SA1 sky-hook like algorithm. It has been shown that the isolation provided by the suspension is degraded by the nonlinearity of the semi-active algorithm, which tends to generate high frequency components at the harmonics of the unsprung mass resonance. These high frequency vibrations may potentially generate noise through the excitation of flexible modes of the vehicle. This energy transfer phenomenon may be alleviated to some extent by different means, like filtering the control signal or adding a resilient mounting to the semi-active damper.
In this paper, an alternative semi-active algorithm has been presented. By imposing smooth variations to the damper constant, it has been found that, for a similar reduction of the body resonance, the isolation at high frequency is improved compared to the continuous semi-active sky-hook. Additionally, the RMS value of the sprung mass acceleration is also reduced, mainly because of a better damping of the wheel resonance.
